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Abstract: More than 22 000 folding kinetic simulations were performed to study the temperature dependence
of the distribution of first passage time (FPT) for the folding of an all-atom Go-like model of the second
pB-hairpin fragment of protein G. We find that the mean FPT (MFPT) for folding has a U (or V)-shaped
dependence on the temperature with a minimum at a characteristic optimal folding temperature Tou*. The
optimal folding temperature Tou* is located between the thermodynamic folding transition temperature and
the solidification temperature based on the Lindemann criterion for the solid. Both the Top* and the MFPT
decrease when the energy bias gap against nonnative contacts increases. The high-order moments are
nearly constant when the temperature is higher than Ton* and start to diverge when the temperature is
lower than Top*. The distribution of FPT is close to a log-normal-like distribution at T > Top*. At even
lower temperatures, the distribution starts to develop long power-law-like tails, indicating the non-self-
averaging intermittent behavior of the folding dynamics. It is demonstrated that the distribution of FPT can
also be calculated reliably from the derivative of the fraction not folded (or fraction folded), a measurable
guantity by routine ensemble-averaged experimental techniques at dilute protein concentrations.

1. Introduction view, it is an ensemble of pathways rather than specific

pathways leading toward the native state of proteins. Most
have led to the conclusion that the problem posed by the theoretical studies of fold_ir\g kinetig; have focused_ on th_e
Levinthal paradox is solved by a bias in the free-energy surface €"Seémble-averaged quantities to facilitate the comparison with
toward the native conformation that extends far enough into €XPerimental data. However, with the rapid advances in optical
the denatured region to reduce the conformational space searciiechnology, itis now possible to measure reaction dynamics of

Theoretical~® and experimentét? studies of protein folding

sufficiently for folding to occur in a reasonable tirkeln this
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individual molecules in the laborato#§.13 This opens the door
for the direct comparison of the distribution rather than the
simple average of reaction events. This is important because
the dynamics of the barrier crossing on a fluctuating energy
landscape itself may lead to non-Poissonian statistics for
individual moleculeg#15

This work is motivated by several recent single-molecule

folding experiment$~18 in which multiexponential folding
kinetics were observed. In addition, a single-molecule experi-
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ment on enzymatic reaction dynanit®found that the reaction  In this paper, we studied the models wih= 0.7, 0.8, 0.9, and 1.0 (or

times of proteins follows a lwy-like distribution (or power- ~ Bo = —0.3,-0.2,—0.1, 0), respectively.
law decay) at low temperatures. Similar behavior was found in ~ The folding thermodynamics and kinetics of the= 1.0 model have
a study of protein-folding dynamics using an analytical théb#. been studied in detail using constant-temperature discontinuous mo-

lecular-dynamics (DMD) techniqué%The algorithm and implementa-

In this paper, we examine the distribution of the folding times tion of DMD are described in earlier publicatioff€® In the thermo-

of an all-atom Geike model of the seconf-hairpin fragment d . L - i

. . . . . . . ynamic studies, initial structures are the native structure, and initial
of proFeln G using discontinuous mole(_:ular-dynarn_lc§ simulation random velocities were generated from the Maxwell distribution.
technique. It has been shoffirthat this semirealistic model  Thermodynamic studies were conducted at 13 different reduced
yields a hydrophobic collapse mechanism that is consistent with temperatures ¢ = keT/e) from T* = 1.0 to T = 8.0. At each
high-temperature unfolding simulations and equilibrium free- temperature, five independent runs with different initial velocities were
energy surface analysis based on established all-atom empiricaperformed to estimate errors. The thermodynamic properties at tem-
force fields in explicit or implicit solvent. The all-atom model  peratures that were not simulated were obtained by using the weighted
further predicts that the collapse is initiated by two nucleation histogram metho@ The folding transition temperatufe* was found
contacts (a hydrophilic contact between D46 and T49 and aatabout4.0. o
hydrophobic contact between Y45 and F52); these four residues 1€ folding kinetics of they = 1.0 model were studied in more
have one-to-one correspondence to the four residues that wer etails at nine different temperaturds (= 2.70, 2.80, 2.95, 3.00, 3.10,

" . i~ . .20, 3.30, 3.50, and 3.70). At each temperature, a minimum of 100
found to be critical for the folding stability of thé-hairpin in folding simulations were carried out with the initial coillike configura-

recent nuclear magnetic resonance measurerfents. tions and velocities that were sampled from the equilibrium simulations
In this study, we calculate the mean and the distribution of at T = 6.0 in every 100 reduced time units (or about 500 000

the first passage time (FPT) as a function of temperature andcollisions). Simulations were stopped when figairpin was folded,

as a function of the contact-energy bias gap. The mean FPTand the simulation times were recorded as FPT. The peptide was

(MFPT) has a U (or V)-shaped dependence on the temperature considered to be folded if its all-heavy atom rmsd (root-mean-squared

and becomes smaller as the energy bias gap increases. Abovéeviation) from the global minimum structure is less than 25 Rhe

a kinetic transition temperatufp*, the FPT is well behaved,  rmsd was evaluated every 10 reduced time uriits= ty/e/Ma?,

and the distribution tends to be log-normal. On the other hand, whereM is the average mass of the atoms ands 1 A). To obtain a

as the temperature decreases, the distribution of FPT starts tgéasonably accurate distribution of FPT, a total of 5000 folding

become broader and has a power-law-like tail. In other words, Simulations each was conductedTat = 2.70, 2.95, 3.20, and 3.70,

the MFPT can no longer be a good parameter to describe thereSpeCt'VeW'

. . o . To investigate the dependence of MFPT on the contact-energy bias
folding reaction at low temperatures. Within this temperature gap,g, the folding kinetics were also studiedgt= 0.7, 0.8, and 0.9.

regime, the behavior of the distribution function is often needed At g = 0.9, the 100 folding simulations each were performetat
to adequately capture the entire kinetic behavior. We found that3 > 3.3, 3.4, 3.5, and 3.6. Af = 0.8, the simulation temperatures

Topt* is larger than the solidification temperatuig® defined were 3.3, 3.4, 3.5, 3.6, and 3.7. 4= 0.7, the temperatures were 3.4,
by the Lindemann criterion but is smaller thap*, the 3.5, 3.6, 3.7, and 3.8. The initial coillike configurations and velocities
thermodynamic folding transition temperature. Moreover, we for all folding kinetics studies were obtained from the equilibrium
also show that the distribution of FPT can be evaluated reliably simulations of the respective gap modelsTat= 6.0.
from the derivative of fraction not folded with respect to time.  The kinetic results are described in terms of MFPIT] as well as
Thus, it is possible to obtain the distribution of folding time :‘_'r?:i;F';Tl‘z‘frmis':g‘;'i“’e%dﬁimemhc‘:;EEHU:E‘:E;S tThﬁeec;‘iZ‘fr:Eﬁ't‘?oiV:fri%e_r-
without performing single-molecule experiments. P(t*), is obtained using a bin width of 0.1 on a logarithmic time scale.
2. Model and Methods (Other bin widths were also used, and the results were essentially the
same.)

The setup for the all-atom (except nonpolar hydrogen atoms) Go The distribution of FPTP(t*), can also be calculated from the
like model of the secong-hairpin fragment of protein G has been fraction not folded f(t*)]. This is because
described previousR? Here, we give a brief summary for completeness.

The model contains 16 residues and 163 atoms. The bond lengths ft)=1— ft* P(t) dt
between two bonded atoms, bond angles, and improper dihedral angles nf 0 '
were maintained by an infinitely deep square-well potedtifiterac-
tions between nonbonded atoms are given by a square-well potential That is,P(t) = — dfp(t*)/dt*. In other words, the distribution of FPT
in which the hard-core and square-well diameters were derived from can also be obtained from the time dependence of the fraction not folded
the van der Waals parameters from the CHARMM polar hydrogen [or the fraction folded, 1— ff(t*)], which is a quantity measurable
parameter set 19.The square-well depth ise, if the atomic pair is using routine ensemble averaged experimental methods. For a log-
in contact in the global minimum native structure derived from X-ray normal distribution, we have
data?® and B¢, otherwise. We defined a contact-energy bias gais
1+ B, with g= 1.0 B, = 0) corresponding to the original Goodel?” PoYt) = _@ (ahnt+b? o)

Vat

(19) Yang, H.; Xie, X. SChem. Phys2002 284, 423-437.
(20) Yang, H.; Xie, X. SJ. Chem. Phys2003 117, 10965-10979. sy [
(21) Lee, C. L. Stell, G.. Wang, J. Chem. Phys2003 118 959-968. The corresponding““(t) is given by
(22) Lee, C. L.; Lin, C. T.; Stell, G.; Wang, Phys. Re. E 2003 in press.
(23) Zhou, Y.; Linhananta, AProteins2002 47, 154-162. o t o 1
(24) Kobayashi, N.; Honda, S.; Yoshii, H.; Munekata, Bfochemistry200Q fo9M =1- f POS(t) dt =[1 — erf(aln t + b)] )
39, 6564-6571. 0 2
(25) Neria, E.; Fischer, S.; Karplus, M. Che_m. Phys1996 105, 1902-1921.
(26) @{ggﬁgﬁorg_’ @_-.“{':-lbfgp‘éfiMDs'ché’nEZfé%lN'zéﬁ éggfgé?: » Whitlow, M.; where erfk) is the error function. Thus, if a distribution can be fitted

(27) Ueda, Y.; Taketomi, H.; GAN. Biopolymers1978 17, 1531-1548. by a log-normal distribution, the fraction not folded should be
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¢ Figure 2. Snapshots of the slow-folding trajectory shown in Figure 1: (a)
Figure 1. The results of the all heavy-atom rmsd from the native structure g‘nzml:lgzl ;oist{ict)gc()’;.z(c(;) ’ﬂgg) ftgremcagirgr? c(t)fo{hhg dsrgg:r?c?;; e;:,i%?;g:r?d
_?_f] a ffljlgpt|on .Of rled_uced time*] for t(\j/vo rt1yp|ca| tr(gj(;c}fnes ar =2.7. misfolded side chain hydrophobic contadts£ 10 000); (d) the reorienta-
e folding simulations are stopped when rms@.5 A. tion of side chainstf = 242 350); and (e) the native state. Drawn with
MOLSCRIPT3!
automatically fitted byf '°9(t). This method is used to test the accuracy

of the FPT distribution generated from the histogram analysis. For a 3 L 1 T 1 1
log-normal distribution, we havéz?IZ3 = €72 and FPIRE = e o910 2
€22 In other words[z31203 = (@F2Z[3)3. | |o-0g=0.9 RN —3.6 |
0 = mg=0g| .~ 18 Co B
3. Results E 250 [cog0r) ¥ o6l R =T o> 735
Two typical folding trajectories af* = 2.70 for theg = 1.0 g | 2 A R 734
model are shown in Figure 1. One is a fast-folding trajectory E q, : e \9\ 33
with FPT = 1080 reduced time units, while the other is much 2 20 V2 '\?: 3.2-
slower with FPT= 243 410 reduced time units. For the slow- = By 1708 08 1
folding trajectory, it appears that the peptide first folded into a § i Bias Gap i
structure whose rmsd is abio& A from the native structure T 15 [ T — |
and, subsequently, was trapped there for a long time. The folding i ol 51:_“1\;,:‘1 o .
was complete only after many unfolding and refolding attempts. VoL w oo . -
Several snapshots of the slow-folding trajectory are shown in e '
Figure 2. The folding was initiated by the hydrophobic contacts L L
between F52 and Y45 & = 1000 (Figure 2b). The folding 026 027 028 029 03 031 032 033 034
intermediate (Figure 2c) is characterized by misfolded side Inverse Temperature (1/T*)

chains of Y45 and F52 that contact on the wrong side of the fjgure 3. MFPT versus inverse reduced temperatuf 1gr various gap
p-hairpin. This long-lived intermediate is a folding trap that was models. In each model, the curvestaU (or V) shape. The temperature at

escaped by the reorientation of Y45 and F52 side chains (FigureWhiCh MFPT reaches its minimun(#hin) is the optimal folding temperature

. . . . Topt*. In the insert, [@0hin and Top* are shown as a function of the gap
2d) to their native conformations (Figure 2e). parameter. Both monotonically decrease as the gap parameter increases.

The results of MFPTz(Ifor the folding of the four different  Each point represents an average value of 100 folding simulations.
gap models are shown as a function of inverse temperature in
Figure 3. Each data point was obtained from an average of 100criterion3233 (The procedure for calculating the Lindemann
kinetic simulations. The error due to the limited sampling is index is as in ref 49.) The solidification temperature is likely
likely large, particularly at low temperatures. Nevertheless, we higher than the actual glass-transition temperature discussed in
detecte a U (or V)-shaped curve that suggests the existence of the literaturé* because we found that a significant fraction of
an optimal folding temperaturé,* for each model. Fog = the folding simulations of the modgthairpin can still fold to
1.0, Topt* = 3.2. The existence of an optimal folding temperature the native state at the temperature even lower fRanThe
reflects the fact that at high temperature, the native state is lessgqjidification temperaturd@s* may be related to the transition
stable, whereas at low temperature, there is an onset of the lowiemperature for partial freezing of the states, which are frozen
energy nonnative trapped states. This optimal temperature isy, the pasin of attractions, but within each basin there are stil

between the folding temperaturg{ = 4.0%’) and the solidifica- considerable degrees of freedom (calléd in the density
tion temperature offs* = 2.0, where the equilibrium state of

the entire protein becomes solidlike based on the Lindemann

(31) Kraulis, P.J. Appl. Crystallogr.1991, 24, 946—950.
(32) Zhou, Y.; Karplus, MProc. Natl. Acad. Sci. U.S.AL997, 94, 14429~

(28) Zhou, Y.; Karplus, M.; Wichert, J. M.; Hall, C. K. Chem. Phys1997, 14432.

107, 10691-10708. (33) Zhou, Y.; Vitkup, D.; Karplus, MJ. Mol. Biol. 1999 285 1371-1377.
(29) Zhou, Y.; Karplus, MJ. Mol. Biol. 1999 293 917-951. (34) Wolynes, P. G. IfProceedings International Symposium on Frontiers of
(30) Ferrenberg, A. M.; Swendsen, R. Ahys. Re. Lett. 1989 63, 1195~ ScienceFrauenfelder, H., Chan, H. S., Debrunner, P. G., Eds.; American

1197. Inst. Physics: Boca Raton, New York, 1989; pp-35.
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Figure 4. The reduced secon@gz(3, left) and third (#3173, right) moments as functions of the reduced inverse temperafliréat/the g = 1.0 model.
Both reduced moments are nearly constant at high temperature and start to diverge at low temperatur@®)(higie fror bars at three temperatur@g (
are the 95% confidence limit estimated from five independent 1000 folding simulations (stttdets). Dashed lines serve as a guide for the eyes.

functional and mode coupling stud#s3. The results of the _ﬂ_TL=3_7'

optimal folding temperatur€,,* versus the bias gap are shown 2 —
in the insert of Figure 3. As the gap increases, the optimal -3 e i
temperature decreases along with the minimum value of MFPT,
Zhhin. This validates the criterion that selects the subset
(subspace) of the whole sequence space leading to well-designed
fast-folding proteins by maximizing the difference between the
average energy of native contacts and that of nonnative
contacts®® In other words, one has to choose the sequence
subspace such that the global bias overwhelms the roughness
of the energy landscagé.

The reduced second#[2(3) and third (#31zE¥) moments
of FPT are shown in Figure 4. At high temperature (low*)/
the reduced second and third moments change little with
temperature. However, both the second and the third reduced 4
moments start to diverge 8t < Tt = 3.2 (i.e., 1T* >
0.3125). Thus, at low temperature, the MFPAL] is no longer ] o )
a good representaive of the system. In other words, the 7 & The log-og ot of e dirbuton of FET at o ciferer
dynamics exhibit the onset of non-self-averaging behavior simulation data sets. A log-normal distribution can fit the first peak very
around and belowW op*. well at all four temperatures. A linear dependence at largeieg T =

The (_jistri_butions of FPT at four different t_emperatures are ﬁt'givzlr:cﬂ; ;gzt-,? iug.gseztts; 20;\.' $,’"§Yt”'r')'('§§rﬁ,e§?r¥' i Z',Z?'e'e"m”e”“a'
shown in Figure 5. The error bars were estimated from five
independent 1000 folding simulations. At high temperatures  In Figure 6a, the fraction not folded (which is one, or 100%
(T* = 3.20 and 3.70), the distribution can be fitted by a log- ©f coil structures, at* = 0) is shown as a function of time at
normal distribution very well. At low temperatures*(= 2.95 four temperatures. At the highest temperature simulafed<
and 2.70), the population maximum is shifted slightly to a lower 3.70),f(t*) can be fitted by a single exponential very well except
value of FPT. This indicates that some trajectories fold faster at the very beginningt{ < 8000, Figure 6b). (Note that the
as a result of the gain of folding stability at a lower temperature. fitted time range is an order of magnitude longer than 8000,
The short time behavior can still be fitted very well by a log- Which is often less than the experimental dead time. Further

normal distribution. However, at a large FPT, there appears to Studies are needed to assess if the missing short-time amplitude
be a transition to a linear decay in the telgg plot. This from the fitted curve is responsible for the burst phase observed

log P

log P

log P

6

2
-1 T*=2-7l y{l,q"‘\\\ - _
B )] |
Al [ b Log-norm i segetioy, Iy
3 ;& T | ‘ —- ‘Power-lawfli ‘ ‘ ‘ I !‘TTI \F
3 5 6

5 3.5 4 4.5 5 5

log P
)

log t*

suggests a power-law-like tail. The distribution of FPTat= in some folding kinetic experimen#) However, there is no

3.70 can be fitted very well by a single exponential for log such a good fit even & = 3.20. In the two low-temperature

t* > 4.5, but is not so at lower temperatures. curves T* = 2.95 and 2.70), slowly decaying tails become
visually obvious. Thus, as the temperature decreases, the kinetic

(35) Kirkpatrick, T. R.; Wolynes, P. GPhys. Re. B 1987, 36, 8552-8564. process becomes more and more non-single-exponential. There

(36) Abkeyich, V. 1. Gutin, A. M.; Shakhnovich, E. Folding Des.1996 1, is an onset of a slower decay in the long time multiexponential

(37) Goldsteih, R. A.; Luthey-Shulten, Z. A.; Wolynes, P.RBoc. Natl. Acad.

Sci. U.S.A1992 89, 4918. (38) Roder, H.; Colon, WCurr. Opin. Struct. Biol.1997, 7, 15—28.
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-

‘= T . clusters of structures that belong to the coillike, intermediate,

f 0.8 [ (2) _ and native states, respectively. The location of the kinetic

% 061 b intermediate is well separated from that of either the native or

% L § the coillike state for the large gap model € 1.0), but much

z 0.4~ 7] less so for the small gap model. Moreover, there is a significant

;g 02 \ . increase in population of intermediates frgn= 1.0 tog =

S ool i St 0.7. This verifies that the landscape of a small gap model is

1000 10000 100000 more rugged than that of a large gap model.

f‘z 1'”(Ib) L o The most populated structure of intermediateg =t1.0 that

3 08 S| LD mnyeenemal AT lead to the onset of the slow decay observed in Figure 6 is found

3 06 S A SR 1 to involve two nucleating hydrophobic residues (F52 and %45)

3 o4 L a that contact on the wrong side of tehairpin (Figure 2c). We

s r . . further calculated the rmsd between the structure of this most

g 0.2 . ] populated intermediate and those structures in fast-folding

w 1lbloo i ‘“1‘0‘(')00 L "1'36'000 L trajectories (FPT< 10 OOQ reduqed tlme units) a = 2.95

Reduced Time (t*) and the structures of folding trajectoriesTat = 3.2 for theg

Figure 6. (a) The fraction not foldedy as a function of reduced time at = 1.0 model. We found that there is no structure within a rmsd

four different temperaturedt = 3.7, 3.2, 2.95, and 2.70). Each curve was  value of 2.5 A from the intermediate structure in fast-folding
obtained 'from 5(_)00 folding simulations. (b) Curve fitting: A single trajectories afT* = 2.95. However, similar structures were
exponential can fit the data very well except fdr< 8000 at the highest observed at high temperatures even in the fast-folding traiec-
temperature* = 3.7), but not aff* = 3.2. Both curvesT* = 3.2 and _ g p n g tra)
3.7), however, can be fitted very well t5y°9(t). For clarity, only the fit to tories (FPT< 10 000) aff* = 3.2. Thus, it is clear that reducing

the curve aff* = 3.2 is shown. The fitting parameteasandb (eq 2) are. temperature selectively “freezes” some pathways, while it leaves
used to generate the log-normal distribution shown in Figure 5. Note that

the slow and nonexponential decay at long times occurs at low temperaturesOther fast-folding pathways untouched. The most populated

kinetic folding process at a temperature near or lower gt structure of intermediates & = 1.0 is also present in the
indicating multiple local kinetic barriers encountered during the Structures of intermediates gt= 0.7 where there is no single
folding process. Figure 6b further shows that a log-normal fit dominant intermediate structure.
to the distribution leads to a good fit &P9(t*) to f(t*). This There is a question if the location of the initial coillike
indicates the distribution obtained from the histogram analysis configuration on the landscape correlates with the FPT. A
is reasonably accurate. It also suggests that one can profitablycorrelation analysis between FPT and the first two principal
calculateP(t) from f(t) if df(t)/dt can be accurately evaluated. components does not find any significant correlation. This is

It is of interest to know the free-energy landscapes revealed further verified by 100 kinetic folding simulations of the same
from these kinetic simulations. The structures obtained from initial coillike configuration with different initial velocities and
kinetic simulations were analyzed by the method of principal different initial seeds for random number generators. For the
component$?4® Results at optimal folding temperatures g = 1.0 model, we simulated two structuresTat= 2.7, two
(T* = 3.2 for theg = 1.0 model andr* = 3.6 for theg = 0.7 atT™ = 3.2, and three ar* = 3.3. For theg = 0.8 model, we
model) are shown in Figure 7. There are three well-defined simulated two structures at* = 3.3. We found that an
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Figure 7. The free-energy surface map Bt = Top* as a function of the first two principal components. (Left) = 3.2 andg = 1.0. (Right)T* = 3.6
andg = 0.7.
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essentially same distribution of FPT can be generated from a
single configuration with different initial velocities for this
p-hairpin. It is not clear if this result is also true for proteins
which have more complex structures than fhkairpin inves-
tigated here.

4. Discussion

In this report, we studied the kinetics of the folding process
by using all-atom molecular-dynamics simulations @gfaairpin
fragment of protein G. We investigated the mean and the
distribution of the FPT and their behavior at different gap
parameters and temperatures. It is shown that both optimal
folding temperature and MFPT are lower for a model with a
larger bias gap or a smoother folding landscape.

The higher-order moments of FPT were also studied. For
temperatures aboVi,*, the folding process is self-averaging,
and its FPT distribution obeys a simple log-normal-like distribu-
tion. The values of the fitted paramet@iat T* = 3.2 and 3.7
are close to a constard € 1.21 and 0.94 at* = 3.2 and 3.7,
respectively). This explains near constant valueszéiiz3
(~1.5) andz®1z3 (~3.2) at high temperature. The value of
3.2 is close to the cube of 1.5 as predicted by the log-normal
distribution. As the temperature is beldWwy*, the high-order
moments start to diverge. This means that the actual folding
process may happen in multiple time scale, and the non-self-
averaging behavior emerges. In this case, the distribution of
FPT develops a long tail at low temperatures.

The MFPT of the modep-hairpin ha a U (or V)-shaped

than the models studied in analytical theories. The roughness
of a Golike model can be estimated as follows. The density of
states obtained from the weighted histogram analysis is separated
into the contribution of the native state (structures with rmsd
< 2.5 A) and that of the nonnative state (structures with rmsd
> 2.5 A). The distributions of the logarithm of density of states
were approximately fitted by two Gaussian functions. The
roughness of the underline landscape can be estimated from
the ratio of the difference in the average energies of the
Gaussians and the square root of the sum of the variances of
the two Gaussians. For tige= 1.0 model, a ratio of 9.1 indicates
that the roughness is relatively small as compared with the native
driving force. This is because, unlike analytical models, a
G0-like model does not have fluctuation in the energies of native
and nonnative atomic contacts. That is, the roughness of the
landscape for a Gbke model is mainly caused by nonspecific
collapse rather than energetic frustration. As the bias gap
decreases, the roughness increases (the ratio is @.7 &.8).
Although this study is limited to the highly optimized Gmdel,

it provides a microscopic detail and foundation for the existence
of a long-decay tail.

Traditional ensemble-averaged experimental studies on the
folding kinetics of thisp-hairpin have been madé?® where
single-exponential kinetics were observed over a temperature
range from 270 to 310 K. It would be of interest to perform
similar experiments on the single-molecule level in a wider
temperature range and compare them with the results presented
here.

dependence on temperature. Similar results have been found in

previous theoretical studi#s*! as well as the simulations of
lattice modelg'243 Although this curve is similar to that found
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